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Abstract
Diagonal solutions for the reflection matrices associated to the elliptic R matrix
of the eight vertex free fermion model are presented. They lead through the second
derivative of the open chain transfer matrix to an XY hamiltonian in a magnetic
field which is invariant under a quantum deformed Clifford–Hopf algebra.
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A subject which is focusing great attention in Mathematical Physics is to find a quan-
tum group–like structure in which Baxter’s zero field 8 vertex matrix [1] could act as an
intertwiner (for a recent attempt see [2]). Recently a solution has been found for the
related case of the free–fermionic elliptic eight vertex matrix introduced in [3, 4]: it ap-
pears as an intertwiner for the affinization of a quantum Hopf deformation of the Clifford
algebra in two dimensions, ̂CHq(2) [5]. In the trigonometric limit this free–fermionic R
matrix becomes the intertwiner of the quantum algebra Uqˆ(
̂gl(1, 1)) [6, 7], or can also be
seen as the intertwiner for non classical nilpotent irreducible representations of Uq(
̂sl(2))
for q4 = 1 and qˆ = λ, with λ2 the eigenvalue of the casimir K2 [8, 9]. An integrable open
chain hamiltonian can be constructed for this trigonometric matrix [10, 11] which is in-
variant under the Uq(sl(2)) algebra in nilpotent irreps [12] (also, see [13] for the analogous
q3 = 1 case).
In this letter we consider the open chain hamiltonian associated with the elliptic free
fermionic matrix R(u) (1) [3, 4], u being the complex spectral parameter living on a torus.
Elliptic K matrices will appear as solutions to the associated reflection equations [10, 11],
and analogously to the trigonometric case the associated open chain hamiltonian will
be invariant under the non–affine subalgebra of the bigger structure for which the R(u)
matrix acts as an intertwiner. First we will introduce the relevant material on ̂CHq(2)
and CHq(2), and after working out the trigonometric (nilpotent) case to fix notations and
procedure we will consider the elliptic one: by the use of the K matrices an integrable
open chain hamiltonian is constructed which is invariant under the quantum algebra
CHq(2). It is no other but an XY model in a magnetic field. See [14] for a different
approach to its quantum group invariance. In all these free fermionic models (both in
the trigonometric and in the elliptic cases) an analogous result is obtained: TrK+(0) = 0.
It forces us to define the hamiltonian of the associated spin model through the second
derivative of Sklyanin’s [11] open chain transfer matrix; only nearest-neighbour spins turn
out to be coupled in contrast to what could be expected [15]. Some final comments are
also included.
The most general solution for the elliptic free fermionic 8V R matrix is, in the
parametrization of ref. [4]:
R0000 = 1− e(u)e(ψ1)e(ψ2)
R1111 = e(u)− e(ψ1)e(ψ2)
R0101 = e(ψ2)− e(u)e(ψ1)
1
R1010 = e(ψ1)− e(u)e(ψ2) (1)
R1001 = R
01
10 = (e(ψ1)sn(ψ1))
1/2(e(ψ2)sn(ψ2))
1/2(1− e(u))/sn(u/2)
R1100 = R
00
11 = −ik(e(ψ1)sn(ψ1))
1/2(e(ψ2)sn(ψ2))
1/2(1 + e(u))sn(u/2)
with e(u) the elliptic exponential:
e(u) = cn(u) + i sn(u) (2)
k the elliptic modulus and cn(u), sn(u) the Jacobi elliptic functions of modulus k. In the
sequel we will set
ψ1 = ψ2 ≡ ψ (3)
The quantum deformed Clifford–Hopf algebra of dimension D = 2, CHq(2) [5], is
generated by Γµ (µ = x, y), Γ3 and the central elements Eµ (µ = x, y) satisfying the
following relations:
Γ2µ =
qEµ − q−Eµ
q − q−1
, Γ23 = 1
{Γx,Γy} = 0 , {Γµ,Γ3} = 0 (4)
[Eµ,Γν ] = [Eµ,Γ3] = [Eµ, Eν ] = 0 ∀µ, ν
It is a Hopf algebra with the following comultiplication ∆, antipode S and counit ǫ:
∆(Eµ) = Eµ ⊗ 1 + 1⊗Eµ, S(Eµ) = −Eµ, ǫ(Eµ) = 0
∆(Γµ) = Γµ ⊗ q
−Eµ/2 + qEµ/2Γ3 ⊗ Γµ, S(Γµ) = ΓµΓ3, ǫ(Γµ) = 0
∆(Γ3) = Γ3 ⊗ Γ3, S(Γ3) = Γ3, ǫ(Γ3) = 1
(5)
A two dimensional representation is labelled by two complex parameters ξ = (λx, λy) and
is given by
πξ(Γx) =
(
λx − λ
−1
x
q − q−1
)1/2
σx , πξ(Γy) =
(
λy − λ
−1
y
q − q−1
)1/2
σy
πξ(Γ3) = σz , πξ(q
Ex) = λx , πξ(q
Ey) = λy
where {σj}j=x,y,z are Pauli matrices. The (sort of) affine extension of this algebra,
̂CHq(2),
is generated by E(i)µ ,Γ
(i)
µ , (i = 0, 1) and Γ3 satisfying (4) and (5) for each value of
i. Now a two dimensional irrep πξ of
̂CHq(2) is labelled by three complex parameters
ξ = (z, λx, λy) ∈ C
3
×
which fulfill the following constraint:
2(λx − λy)
(1− λ2x)
1/2(1− λ2y)
1/2(z2 − z−2)
= k (6)
2
See more details in [5]. There (1) is shown to be the intertwiner between two irreps which
satisfy (6) for the same value of k, with:
z2 = cn(ϕ) + i sn(ϕ)
λx = tanh x , λy = tanh y
tanh
(
x+ y
2
)
= cn(ψ) + i sn(ψ)
u = ϕ1 − ϕ2
i.e. one has
Rˇξ1ξ2∆ξ1ξ2(a) = ∆ξ2ξ1(a)Rˇξ1ξ2 ∀a ∈
̂CHq(2) (7)
for Rˇ(u) ≡ PR(u), P being the permutation matrix.
Consider now the trigonometric limit of the elliptic matrix (1). It can be written as
R(θ) =
1
λ− λ−1

eθλ− e−θλ−1
eθ − e−θ λ− λ−1
λ− λ−1 eθ − e−θ
e−θλ− eθλ−1
 (8)
with λ ≡ eiψ, θ ≡ i
2
u. All Skylanin’s requirements on symmetries (see [11] and (18)),
are fulfilled with anisotropy fixed to η = π/2. The reflection–factorization equations for
diagonal K±(θ) matrices, which are the ones considered in this letter, are:
R12(θ1 − θ2)
1
K− (θ1)R12(θ1 + θ2)
2
K− (θ2) =
=
2
K− (θ2)R12(θ1 + θ2)
1
K− (θ1)R12(θ1 − θ2) (9)
R12(−θ1 + θ2)
1
K+ (θ1)R12(−θ1 − θ2 − 2η)
2
K+ (θ2) =
=
2
K+ (θ2)R12(−θ1 − θ2 − 2η)
1
K+ (θ1)R12(−θ1 + θ2) (10)
Cherednik’s solutions to these in the case of the 6V model are also valid for (8) with the
mentioned requirement that η = π/2. This implies in particular that
TrK+(0) = 0 (11)
which as anticipated makes it troublesome to define the open chain hamiltonian through
the standard formula [11]:
H =
N−1∑
j=1
Hj,j+1 +
1
2
1
K
′
−
(0) +
Tr0
0
K+ (0)HN0
TrK+(0)
(12)
3
Hj,j+1 ≡ Pj,j+1
dR(θ)
dθ
∣∣∣∣∣
θ=0
(13)
However, using (11) and the fact that
Tr0
0
K+ (0)HN0 = A 1 (14)
where A is a constant, we can see that there still exists a well defined open chain hamil-
tonian defining it as [13]:
H ≡
t′′(0)
4(T + 2A)
=
=
N−1∑
j=1
Hj,j+1 +
1
2
1
K
′
−
(0) +
1
2(T + 2A)
× (15)
{
Tr0(
0
K+ (0)GN0) + 2Tr0(
0
K
′
+ (0)HN0) + Tr0(
0
K+ (0)H
2
N0)
}
where t(u) is Sklyanin’s open chain transfer matrix, and:
T ≡ TrK ′+(0)
Gj,j+1 ≡ Pj,j+1
d2Rj,j+1(θ)
dθ2
∣∣∣∣∣
θ=0
For the case of (8) one gets the following hamiltonians:
H =
1
2
N−1∑
j=1
{
σxj σ
x
j+1 + σ
y
j σ
y
j+1 +
λ+ λ−1
2
(σzj + σ
z
j+1)
}
±
1
4
(λ− λ−1)(σz1 − σ
z
N ) (16)
where we have taken the standard limits α± → ±∞ in the arbitrary parameters appearing
in the K±(θ) matrices [16]. This leaves us with an XX model in a magnetic field which is
invariant under Uq(sl(2)) transformations in nilpotent irrep λ for q
4 = 1, i.e.
[H,∆(N)(g)] = 0 (17)
with g any generator of Uq(sl(2)) in the nilpotent irrep λ for q
4 = 1 (see [17] for a treatment
of general nilpotent closed chain spin models) and ∆(N) the comultiplication applied N
times (for an N site chain).
We turn now our attention to the elliptic R matrix (1). Taking ψ1 = ψ2 = ψ it can
be seen to have the following set of symmetries:
R(0) = (1− e(ψ)2) P
4
PR(u)P = R(u) = Rt12(u) (18)
R(u)R(−u) = ρ(u) 1
Rt1(u)Rt1(−u+ 4K) = ρ˜(u) 1
with ρ(u), ρ˜(u) some unimportant scalar functions and K the complete elliptic integral
of the first kind of modulus k. The most general diagonal solutions to the corresponding
reflection equations (9), (10) are:
K−(u) =
 cn(u2 )dn(u2 )± ik′sn(u2 )
cn(u
2
)dn(u
2
)∓ ik′sn(u
2
)

K+(u) =
 k′2 sn(
u
2
)
dn2(u
2
)
± ik′
cn(u
2
)
dn(u
2
)
k′2
sn(u
2
)
dn2(u
2
)
∓ ik′
cn(u
2
)
dn(u
2
)

where k′ is the complementary elliptic modulus k2 + k′2 = 1, and we have used that
K+(u) = K−(−u + 2K) solves (10). Note that there is no dependence on arbitrary
parameters. This seems to be the general case for elliptic R matrices; a dependence on
an arbitrary parameter is expected, however, for non diagonal K matrices [18]. Moreover
the trigonometric limit of these matrices give us the ones that yield the quantum group
invariant hamiltonian (16). Note that we again have (11) and (14) even at the elliptic
level. So, whereas the symmetry properties (18) enable us to construct the transfer matrix
of an integrable open chain model a` la Sklyanin [11], we again have to resort to (15) to
construct the corresponding spin hamiltonian. In this case the solutions are given by
H =
1
2
N∑
j=1
{
(1 + Γ)σxj σ
x
j+1 + (1− Γ)σ
y
jσ
y
j+1 + h(σ
z
j + σ
z
j+1)
}
±
ik′sn(ψ)
2
(σz1 − σ
z
N ) (19)
where h = cn(ψ), and Γ = k sn(ψ). (We have dropped in (19) a term proportional to the
identity operator). (19) gives (16) in the trigonometric limit. The hamiltonians in (19)
are invariant under CHq(2) transformations in representations labelled by
λx =
cn(ψ)± ik′sn(ψ)
1 + ksn(ψ)
, λy =
cn(ψ)± ik′sn(ψ)
1− ksn(ψ)
(20)
i.e. they fulfill commutation relations like (17) for g any generator of CHq(2) in the above
representations.
We have shown that the K matrices associated with the elliptic free fermion R matrix
lead to an open chain hamiltonian which is explicitly invariant under a quantum algebra.
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Investigating a similar phenomenon would be interesting in the case of the zero field
8V model. Also it would be interesting to examine the implications of non–diagonal
solutions for the K matrices in both cases. We have found here the appearance of the
conditions TrK+(0) = 0 and Tr(
0
K+ (0)HN0) = A 1 also at the elliptic level. In the
trigonometric case they can be interpreted in terms of quantum group representation
theoretical terms [19, 20]. It would be interesting to find the explanation for the elliptic
occurrence of the same conditions. In this connection it would also be of interest to find
some “gauge transformation” which would gauge out the u dependence from the elliptic
K matrices [21], while taking R(u) (1) to a baxterized form [22]. Finally the Algebraic
Bethe Anstaz [11] for the elliptic open chain described here would also be of interest, as
well as a detailed study of the algebraic “contraction” involved in the trigonometric limit
CHq(2)→ Uq(gl(1, 1)). We hope to report on these matters in future publications.
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